The thermal conductance of nanoscale phonon modes is typically calculated using the Boltzmann Transport Equation (BTE). A particular implementation of this method is the Acoustic Mismatch Model (AMM) that compares impedance ratios at a mathematically abrupt transition between two equilibrium regions. The shortcomings of this model can be rectified by starting from a microscopic physics based equation describing the propagation of phonon waves across an extended junction, with carefully computed thermal boundary conditions on either side. The resulting NEGF formalism, , provides an accurate yet physically transparent machinery to calculate energy transfer, especially in nanosystems where the concept of thermal equilibrium 1 breaks down readily. The purpose of this paper is to establish the NEGF formalism of thermal conductivity with a few simple examples and illustrate its particular strengths compared to the AMM.
Introduction
The transport of energy across interfaces is a critical area of study in the thermal management of nanosystems.
1 As characteristic lengths of nano-materials approach the energy carriers' mean free paths, the thermal processes are no longer driven by scattering inside the bulk materials, but are driven instead by scattering at heterojunction interfaces. Thermal transport across an interface is characterized by the thermal conductance per unit area, or the thermal boundary conductance, h BD , that relates the interfacial heat flux, q, to the temperature drop ΔT in linear response via q = h BD ΔT
Accurate predictions of h BD are difficult since transport around interfacial regions is a highly nonequilibrium process and additional scattering mechanisms can greatly complicate analysis.
Assuming phonon transport as the dominant mechanism of interfacial thermal transport, one of the most simplified and widely used models for h BD is the acoustic mismatch model (AMM). 2 The AMM is essentially a low temperature model designed for specular elastic scattering of phonons at a perfectly abrupt interface between two materials. Although corrections to these models have been proposed to account for mixing around the interface 3, 4 and inelastic scattering, [5] [6] [7] [8] [9] many of these suggestions have been ad-hoc, and not derived from a fundamental quantum transport theory for heat flow, disregarding the fundamentally nonequilibrium nature of thermal transport. The formulations of this model are based on a semiclassical formulation of the phonon flux in two materials approaching an interface from either side, assuming the phonon scattering processes at the interface occur abruptly between two separate equilibrium states. The AMM model thus disregards the fact that the energy transition needs to occur over an extended non-equilibruim region whose properties should actually be intermediate between the two thermal 'reservoirs' on either side. In addition, the formulation of the AMM, or any 3 semiclassical BTE-based model, does not take into account the wave nature of phonon transport that is driven by the underlying lattice dispersion and the boundary conditions on either side.
There is no straightforward way to extend this model to nanostructures with multiple interfaces, where multiple reflection and phase coherence of confined phonon waves is anticipated to be a critical to thermal processes.
In this work, the non-equilibrium Green's function (NEGF) approach 10, 11 is used to study phonon thermal transport and energy transmission across adjacent materials in 1D atomic chains.
The NEGF formalism arises out of a microscopic theory of nonequilibrium processes 12 and couples the equations of motion of the atoms with the non-equilibrium thermodynamics at their boundaries. 13 Being ultimately a matrix equation in a given basis set, the technique can be expanded to far-from-equilibrium quantum transport across extended physical junctions, leading to prominent quantum signatures in the transmission.
The NEGF formalism has been extensively used to study quantum electron transport in nanoscopic systems, 10,14-17 especially for quasi-ballistic devices where characteristic wavelengths of the electron system become comparable to, or larger than, the sample dimensions. The method can be readily adapted to include incoherent scattering and weak electron and phonon correlation effects. Following the recent experimental verification of the low temperature quantum of thermal conductance 18 ( , where k B is Boltzmann's constant, T is the carrier temperature, and h is Planck's constant), significant effort has been delegated on adapting this formalism to phonon transport in nanosystems and low dimensional structures. [19] [20] [21] [22] [23] [24] [25] [26] Our aim in this paper is to derive these equations for simple systems and illustrate the role of quantum effects in phonon thermal conductance.
An excellent walk-through of the general NEGF formulation is given by Zhang et al. and example calculations are given for 1D atomic chains. 24 Besides illustrating the superiority of NEGF with more well established semiclassical models, the role of the present work is to develop the simplest application of thermal NEGF -a single atom "device", illustrated with a 'toy model' paralleling its electronic counterparts. 27 The real strength of NEGF is its ability to handle more complicated incoherent scattering such as anharmonic phonon processes. Under strong drive currents, stronger non-perturbative many-body correlation effects can arise that would even require going beyond NEGF. Such complexities (incoherence and correlation)
actually carry interesting physics and could be critical for nanosystems. In the interest of simplicity, however, we leave these issues for future publications, restricting ourselves to elastic flow. We also grossly simplify the phonon bandstructure by working with a single 28 sinusoidal longitudinal phonon mode.
Semiclassical models
The starting point for many semiclassical thermal boundary models is a population of bulk phonons approaching the interface between two materials. 29 This concept is based on the parallel between phonon transport and radiative photon transport. Treating the phonons as wavepackets of energy, their spectral intensity is defined as
where ћ is Planck's constant divided by 2π, ω is the phonon vibrational angular frequency, v j is the group velocity of phonons with polarization j (longitudinal or transverse) within some to-bedefined solid angle approaching the interface, and D j (ω) is the spectral phonon density of states of polarization j per unit volume. The phonon distribution function is represented by f(ω,Τ ), which, in these semiclassical analyses is taken as the equilibrium Bose-Einstein distribution function. In the case of a 3D medium, the expression for phonon intensity in Eq. (1) is often divided by a factor of 4π assuming an isotropic 3D medium; 30 since this work focuses on conductance in 1D wires, this factor is not needed. In addition, in this 1D consideration, atoms are restricted to move along the direction of thermal transport, so only one longitudinal mode is considered. With Eq.
(1) for phonon intensity, the incident heat flux of phonons impinging on the interface of two atoms in a 1D chain can be defined as 
The assumption of equilibrium, which allows for the application of the principle of detailed balance, relates the two phonon heat fluxes on either side of the interface by assuming that there is no net heat flow across the interface. This assumption of local equilibrium around the interface has serious implications in phonon transmission probability calculations. When applying detailed balance to the phononic heat fluxes, the two incoming fluxes are assumed at the same temperature. In this equilibrium condition, the phonon systems around the interface are statistically described by the same Bose-Einstein distribution function and not a nonequilibrium distribution. This causes a discontinuity between the Fourier Law and interfacial heat flux predicted with Eq. (7). 33 Assuming complete specular scattering, we can use AMM theory to extract the transmission, which is a function of the acoustic impedance, Z, on either side of the interface 
where ρ is the volumetric mass density of the material on the specified side. This 3D form is inappropriate for a 1D chain, and should be slightly modified to take into account a length mass density instead of the volumetric mass density, so that Eq. (8) becomes
where M is the mass of the atom, and d is the interatomic spacing between the atomic masses.
In the case of acoustic scattering when the atoms on either side of the interface are identical, both
Eqs. (8) and (9) reduce to unity.To calculate the thermal boundary conductance, h BD , and the subsequent phonon transmission probability, , the phonon dispersion must be defined. A sine-type dispersion is assumed for the 1D phonon chain, . 34 Finally, the expression for thermal boundary conductance at a single atom interface, Eq. (7) becomes
where the velocities calculated from Eq. (10) 
so that Eq. (12) yields the material independent quantum conductance per phonon mode (14)
1D NEGF formulations
As previously mentioned, the AMM model makes the unphysical assumption of thermal equilibrium achieved immediately on either side of a single abrupt junction. 20 In other words, there is no clear recipe on how to combine individual impedances for an extended channel region driven into non-equilibrium by two separate thermal reservoirs, as is commonly invoked for electron flow. Electron flow is usually formulated as a two-junction problem, making a clear conceptual separation between 'contacts' that are held at separate thermal equilibria by a battery, aided by inelastic thermalizing scattering events in them, and a 'channel' or 'device' region where the actual transport dynamics occurs. The viewpoint leads naturally to the NEGF technique, which is now part of the device theorists' toolkits.
The clear separation of the dynamics ('channel') from the thermodynamics ('contacts') allows us to set up a wave equation for quantum transport with precise boundary conditions imposed by the reservoirs, so that local physical quantities, such as the nonequilibrium phonon density and the thermal current can be explicitly calculated. The NEGF approach for phonon transport proceeds analogously in two steps: first the phonon propagation equations for the contacts are partitioned out to create an equivalent open-boundary version of Newton's law for lattice vibrations in the channel. 34 The contact states enter their boundary condition through carefully computed self-energy matrices. Next, a thermal equilibrium condition is imposed on the contact state bilinear variables, in order to compute the NEGF thermal current. Assuming an infinite 1D chain of atoms each with masses M a and spring constants K a , as illustrated in Fig. 1a , we get the dispersion relation presented in Eq. (10) , where the cutoff frequency, ω c , is given by
These results assume an atomic displacement of the n th atom in the chain, u n,a , in the form of a plane wave solution given by
These same assumptions will be made when going through the NEGF formulations. In addition, this analysis will only consider an atomic chain with a single point basis (i.e., no optical phonons), which is valid here since optical phonons do not participate significantly in thermal transport due to their low group velocity.
Left contact -single atom channel
In this section, Newton's law with an open boundary condition for a single junction is worked out. Consider a linear semi-infinite 1-D chain of atoms of material a (contact) connected at the right end to a single channel atom of material b; the atoms in the contact have mass M a and spring constant K a between the contact atoms, the channel is a single atom of mass M b , the spring constant in between the contact and channel is given by K ab , and the distance between the contact and channel atom is assumed as the interatomic spacing between the contact atoms, d a .
Denoting the channel atom as coordinte 0 and the atoms of material a with coordinate (n = 1, 2,…) with n = 1 being the surface atom next to b (Fig. 1 ), the equations of motion governing the various atoms is given from Hooke's law as
and ( )
We expect to see plane waves propagating in both directions inside the contact due to interfacial 
The goal of the NEGF approach is to replace the semi-infinite contact with a source term incident on the channel and a self energy that affects the energy of the channel, in this case, atom b. Therefore, the displacement of material a atom in position 1 must be expressed in terms of the incident wave only, and not the reflected wave, so that the semi-infinite contact can be treated as an incident source term, S, that takes into account reflection with a self energy, Σ, both of which affect the channel atom. Combining Eqs. (19) and (20) 
Rearranging Eq. (10), the wavevector k can be expressed in terms of ω as
where ω c,ab is the modified cutoff frequency at the contact/channel interface due to the different masses and spring constants of the contact atoms and channel atom, and substituting Eq. (28) into Eq. (24) and g is the surface element of the contact Green's function. , Finally, the channel density of states is obtained by tracing over the spectral function of the channel, A, 27 which can be defined The spectral function being related to Γ suggests that A is related to the local density of states at the contact/channel interface.
The process described above can be readily extended to two contacts and a channel. Assuming that the contacts are of the same material, then the Green's function for this system becomes
The expression 2K ab is the sum of the two spring constants on either side of the atom that restore the atom to its equilibrium position after the perturbation from the Σ ab wave on either side of the atom.
Local density of states and transmission
The development of the nonequilibrium Green's function, G, self energy of the contact, Σ, source term, S, frequency broadening term, Γ, and spectral function of the channel, A, in this section exactly parallels the development of these analogous terms for electronic transport derived in the toy examples in sections 8.1 and 9.2 of Datta. 27 The difference between this approach to phonon transport and the approach outlined by Zhang et al. 24 is how the interactions between atoms are conceptually viewed. Instead of using spring constants, K, to describe all the interactions, Zhang et al. develops all key equations using a harmonic term (Zhang et al.'s work develops the theory in 3D, so they actually use a harmonic matrix), which is just the spring constant between two masses (e.g., K ab ) divided by the square root of the product of the two masses (e.g., 
Note Eq. (38) differs from the density of states presented by Zhang et al. by a factor of 1/2. This is due to the assumption of "positive" phonon transport, and hence only half of the Brillouin zone is considered. Note that assuming the same atom in the channel as in the contact gives the same calculations as the semiclassical density of states described in Section 2,
Similarly, the density of states for the channel atom with two different contact materials is given by using Eq. (37) and averaging the square root of the product of the atomic masses of the channel atom and the adjacent atoms. (43)
Although K in Eq. (43) is based on a 3D crystal potential, this approximation will be used for K in this simple example to extract the fundamental physical trends related to phonon conductance.
When two different atoms are adjacent to each other, such as the Si contact and Ge single atom channel, the spring constant, K ab , is estimated by averaging the elastic constants of the two materials and the cutoff frequency is estimated by K ab and averaging the atomic masses (In a proper atomistic model, one will need to compute these interfacial spring constants from the exact dynamical matrices). Table 1 lists the elastic and atomic parameters of Si and Ge pertinent in this study. 36 With the local density of states of the channel atom defined, the task now is to define the transmission probability using the nonequilibrium Green's function of the system. The transmission probability can be calculated by 27 [ ]
Trace (44) which, for this single atom channel example, when the contacts are both the same material, is simply (45) Figure 3 shows the transmission probabilities as a function of frequency using the NEGF transmission and the AMM transmission in Eq. (9) . The transmission at a single Si-Ge atomic junction is compared with AMM predictions (AMM -Si-Ge) and NEGF predictions (NEGFSi-Ge-Ge -Eq. (55)). These calculations, for the same interface and geometry, are different using the two methods of calculation. Calculations of the AMM only consider the materials on either side of the interfacial bond, and not the interfacial bond itself, such as bond between the Si and Ge atoms. This bond at the atomic interface however drives interfacial transport and scattering. The NEGF formalism, however, calculates transport across the channel, in this case, the Ge atom, and therefore takes into account masses and forces (bond strengths) on either side of the channel atom. In this NEGF calculation case of a Si and a Ge contact on either side of a single atom Ge channel, the force that causes interfacial transmission to deviate from unity is that between the Si contact and Ge channel. Note, for the NEGF transmission calculations, the spring constant between the Si-Ge atoms is estimated by averaging the elastic constants, as described above. The shape and trends of the NEGF transmission for the Si-Ge interface is intuitively more physical than that of the AMM transmission. At low frequencies, the Ge channel atom can vibrate at the same frequency as the contacts, and so transmission at these frequencies should be unity, as predicted by NEGF but not the AMM. As the frequency approaches the maximum vibrational frequency of the Si-Ge atomic bond, the transmission decreases to zero. The AMM predicts an increase in transmission to unity before decreasing to zero. This is a nonphysical consequence of the AMM formulation. As the phonon frequency approaches that of the Ge cutoff frequency, the term describing the Ge acoustic impedance in the AMM transmission equation (Eq. (9)) becomes negligible compared to the term describing the Si impedance, and so the transmission slowly increases to unity, after which, the Ge term rapidly approaches zero causing the transmission probability to go to zero. This nonphysical aspect is not present in the NEGF calculations of transmission, which shows a slowly decreasing transmission as frequency increases to that of the Ge cutoff frequency, which is expected assuming only elastic phonon transmission. Also shown in Fig. 3 are calculations for transmission assuming Si contacts and a Ge single atom channel. The NEGF calculation on this geometry naturally takes into account forward and backward propagating waves across the Ge atom as a result of scattering at the two Ge-Si junctions. The straightforward way to take this into account in the traditional AMM formulation would be to model this scenario as transmission across two isolated interfaces, effectively Eq. (9) squared for a Si-Ge junction.
NEGF calculations of thermal conductance
The transmission allows us to compute the thermal conductance by Taylor however, take into account phonon reflection and transmission across the junctions, and account for wave interference. This is evident from the Fabry-Perot-like peaks occurring at given frequencies. The number of peaks are related to the number of atoms in the channel.
32 Figure 6 . Thermal conductance calculations for N atom 1D chains using Eq. (47). The conductance of the 5, 10, and 50 atom Ge chains are identical and slightly less than the conductance of the 3 atom channel. The inset shows the N atom channels compared to the single atom channel and, for reference, the homogeneous Si chain. These results, which were derived from a "bottom-up" approach, are similar to those found by Zhang et al. 24 which used a "topdown" derivation.
